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Abstract: We present example of exact solution to Witten's open bosonic string 
Ph| field theory. We will analyse the new BRST operator and we will argue that the new 

solution describes the flow from zero slope limit {a' — > 0) to the tensionless limit 
{a 1 — > oo) in the string world-sheet action. 
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1. Introduction 

Recently there has been great interest open bosonic string field theory || , especially 
in the context of the tachyon condensation (For a review of string field theory, see [[l], 
||, |3|, £|.) The remarkable sucess of string field theory in addressing this question leads 
us to believe that string field theory has a profound role to play in the formulation 
of string theory. 

In some previous papers we have proposed a method for finding exact solutions 
to the open bosonic string field theory ||, 0, |§. This method relies on the existence 
of a ghost number zero operator that does not commute with the BRST operator so 
that the string field theory formulated around the new background corresponds to a 
changed BRST operator. 

In this short note we continue this investigation and find new exact solutions to 
the open bosonic string field theory action and the corresponding modified BRST 
operator which have very unusual properties. We show that the form of the new 
BRST operator depends on a single parameter t that can vary from to oo. For 
t = the BRST operator is the same as the BRST operator for a massless particle. 
For t — 1 we have the original D25-brane, and finally, for t = oo the BRST operator 
corresponds to the BRST operator for a tensionless string. 

A crucial point is that the effective tension that we introduce during the calcu- 
lation appears to effectively depend on the form of the string field theory solution 
depends on the direction where we allow our operator K applies. 

This has the remarkable consequence in the emergence of a string with an- 
isotropic string tension. A similar situation has previously been studied in the context 
of the noncommutative open string (NCOS) @, 0, g§ [21], 0, [§, |2j, [25], |2j, [27, 
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28], |29], |30[. Our result deserves further study in that context. We believe our results 
merit further study. Especially it would be nice to perform an explicit CFT analysis 
of a world-sheet theory with an-isotropic tension. 



2. Review of the general formalism 

In this section we briefly review the general formalism introduced in || and then 
applied in 0, §. 

The action of the open bosonic string field theory || has the form 

S = -(\f ®*Q® + \J ®*®*®)- (2- 1 ) 

Varying the action leads to the equation of motion 

Q$ + $*$ = 0. (2.2) 
As demonstrated in 0, it is easy to see that the field 

$ = e -^)*Q( e ^)) (2.3) 
is a solution of the equation of motion ( |2.2| ) since we have 

Q($ ) = Q{e- K ^*Q{e K ^)) = -e~ K ^ * Q(e K ^)* e~ K ^K Q(e K ^) (2.4) 

and 

$ * $ = e -**W * Q(e K ^) * e~ K ^ * Q(e K ^) . (2.5) 
where K is a ghost number zero operator that obeys 



K(X *Y) = K(X) * Y + X * K(Y), 
J K(X) * y = - /" X * K(y) , 



(2.6) 



and where I is the identity ghost number zero field || that obeys 

i*m = m*i = m. (2.7) 



for any string field \P . In Q2.3p the index L means the integration of the local 



density over the left side of the string that is labeled by a G (0, vr/2). Similarly, the 
notation Kr corresponds to the integration of the local density over right side of the 
string with a G (tv/2,tv) |J. 



2 A recent discussion of this special string field is given in jl^, [TlJ 
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As was shown in |J, the solution ( |2.3| ) leads to a shifted form of the BRST 
operator 

Q(X) = Q(X) + $ * X - (-1)^X * $ = e~ K (<Q(e K (X))) (2.8) 

in the action for the fluctuation field when we perform an expansion of string field $ 
around the classical solution <3> in ( [2.1| ). In ( |2.8j ) the symbol \X\ denotes the ghost 
number of the string field $o- 

The previous results were used in |7], ||. In the next section we will consider 
another form of the operator K, one that resembles the form of the generator of 
dilation in the conformal field theory. 



3. Scaling transformation 

Let us start with the world-sheet action for the bosonic string 

S = J d 2 ar) a Pd a X K dpX L r] LK , (3.1) 

where t] at3 is two-dimensional Minkowski metric with signature 7] a p = diag(—l, 1) 
and t]kl, K, L = 0, . . . , 25 is a 2 6- dimensional target space Minkowski metric with 
signature (-,+,...,+). 

From the action (ft.lp we obtain the momentum conjugate to X K (a) 

Pk{°) = TT^T = ^-X L {a) VLK (3.2) 

with the following commutation relation 

[P K (a),X L (a')]=-i8(a,a')5%, (3.3) 

where 5 (a, a') is a delta function that obeys Neumann boundary conditions so that 
can be written as 

J oo 

S(a,a') = — cos na cos na' . (3.4) 

n=— oo 

We take the ghost number zero operator K to be of the form 3 

K = i r daXHa)Pi{a) , (3.5) 
Jo 

where we do not care about a possible constant factor arising from the fact that 
ordering of the operators is not unique. E.g. starting from a symmetric ordering 



3 In our convention: K, L = 0, . . . , 25 ,i, j = 0, . . . , P , /x, v = P + 1, . . . , 25 . 
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description and using ( |3.3| ) would give the above K multiplied by a constant which 
we discard. For later use we calculate the following commutators 

[P K PM V KL ,eK] = 2eP i P j {a)rf\ 
X' K X' L (a)r] KL ,eK] = -2er ]ij X' i X'\a), 



X ,K P K (a),eK = . 



(3.6) 



Start with e << 1 we have 

$ = e - K ^)*Q(e K ^) ~ (T-K L (Z))*Q{I + K L p)) = Q(K L (Z)) (3.7) 
which can be written as 

$o = Q(K L (1)) = Ql(K l (1)) + Q R (K L (1)) = 
= Q L (K L (1)) + K L (Q R (1)) = Q L (K L (T)) - K L {Q L {X)) = [Q L , K L ](Z) 



using f9J| 
Furthermore 



Ql(I) = -Qr(I) ■ 

Q R (K L (1)) =1*Q r (K l (1)) = -Q L (T)*K L (1) = 
Q L (1)*K R (1) = -K L (Q L (Z))*X=-K L (Q L (T)) . 



(3.8) 
(3.9) 



(3.10) 



Let us finally define D L {Z) by 

% = D L (I) = [Q L ,K L ](I) . (3.11) 
We then obtain the quadratic term for the fluctuation fields \I/ in the form 

J m*Q'm = J m * q^) + J ^ *D L (i)*y + J * * d l (i) = 



(3.12) 



where we used 

y * * d l (i) * * = - / * *x* ^(^r) = - / * * £ fl (tt) > 

D L (x)^r = -(-i) x x^ J D i? (r) . 



(3.13) 
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The last formula may be proven as in |J using the fact that the commutator [Q, K] 
has odd grading. Let us calculate this commutator. Since we have 



Q 



l 

7T JO 



daJ (a) 



1 

7T JO 



dac a (a)T a0 (a)+Q 



ghost i 



Too = Tn = l ^ 2 c?P K P L if L + ±-X' K X' L mL ) 
T 10 = T 01 = 2ttP k X' k , X' K = 8 a X K 



(3.14) 



where Q g host is the ghost contribution to the BRST charge whose explicit form we 
will not require. Using this form of the BRST operator we get 



D=[Q,K] 



IT JO 



dac°{a) : 



A^a'ZePiPjrf 3 - 2e—X' l X' 3 n 



a' 



(3.15) 



Consequently the new BRST operator has the form 



Q' = Q-D 



IT JO 



dale (a 



A^a'P^P^ + 

or 



+4ttV(1 - 2e)P i P j rf 3 + (1 + 2e)— X H X' 3 ^ 



a' 



+ 



+ c 1 (a)2nX' K P K (a)} + Q qhost 



(3.16) 



We see from fl3.16j ) that the numerical factors in front of PiPj, X H X' J now depend 
on the parameter e. There is a suggestive physical interpretation of this phenomena 
which transpires after an analysis of the case of finite e. To this end, we calculate 
exact form of the new BRST operator given in (|2.8|) . To do this calculation we define 
the function 



F(t) = e~ eKt (Q(e eK! 



, F(t = 0)=Q ,F{1) = Q 



(3.17) 



It is easy to see that 



°° 1 d n F 



-l) n e T 



t=i 



n=l 



[K,[K,...,[K,Q}}\ . (3.18) 



so to determine ( |3.18| ) we must calculate all commutators in ( [3.181) . The second order 
commutator is equal to 



[K, [K,Q]] = -[K,D] = [D,K] 
^ I dac (a)^(An 2 a'2 2 P i P,r ] i3 + 2 2 ^-X H X' 3 r ]l:j 



(3.19) 
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where we have used ( |3.15| ) and ( |3.6| ). We conclude that the new BRST operator will 
have the form 

Q' = \ [da |c (<7) ~ Ua^oc'P^P^ + ^X'^X'^ + 
+ (1 - 2e + ^(2e) 2 + . . .)4ir 2 a'P i P j r ] ij + 

(2e) 2 1 
+(l+2e + ^ + ...)-.X n X' : >r Hj 



a 

l r 

71 



+ c\a)27iX' K P K {a)^ + Q ffftort = 

do \c°(a) I U^a'P.P^ + -X'»X'»^ U + 
Jo I 2 1 a 



+e- 2e 4ir 2 a'P i P j r ] i i + <?*—X*X'%} + c 1 {a)2TrX' K P K {a)\ + Q qhost 

a J J 



(3.20) 



In the next section we try to interpret this solution. 



4. Interpretation of the solution 



In this section we interpret the solution ( p.20| ). As we have seen, the string field 
theory action expanded around the new solution has the form 



(4.1) 



with 



q'=- r *, {<?{*) i 

n Jo I 2 



^olP^if" + Ia^X'V ) 



+ (e- 2e 47r 2 a / P i P J V i + e^—X^X'^j 



a' 



+ 



+c 1 (a)2vrX^P i ,( ( x)} + g (?hosi 



(4.2) 



In what follows we will discuss mainly the shifted part of the BRST operator. We 
also introduce the parameter 

e e = t (4.3) 

We see that for t — 1 we regain the original action. For t 2 — > we rewrite the BRST 
operator as 



Q'= l - fdaic^a) 1 - 
n Jo I 2 



- rda\c°(a)- 
n Jo 2 



e'^A^a'PiPtfi + e^—X H X' i ri ij ) 
1 



a' 
t 2 



n Jo 2 



t 2 a' 



a 



eff 



+ c 1 (o)2irX H P i (o) 
+ c 1 (a)27rX H P i (a) 

+ c 1 (cx)27rX' i P i (a 



(4.4) 
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where we have introduced 



Now we have 



a' 



a' eff = ^ . (4.5) 



t 2 — > oo =>- a' e ff — > , 

t 2 — > =r- CH^y — > oo . 

(4.6) 

The first limit corresponds to the zero slope limit in which case the ordinary string 
action reduces to the action for massless particle. It is remarkable that in our solution 
this limit can be anisotropic. The second limit corresponds to the tensionless limit 



12,0, 14, 15, 16, 17 



To see this more directly, let us follow [32], ^4|. The first limit a' e ^ — > 
is the well known zero slope limit where the string effectively collapses to a point. 
From (|4.4|) it is clear that to have a finite expression the terms proportional to X' 
should be equal to zero, in other words we consider the zero modes of the field on 
the world-sheet only. As a result ( |4.4j ) reduces to the BRST operator for massless 
particle. 

In the second limit oi e ^ — > oo the term proportional to X H X'i goes to zero. 



We must also rescale 2itJa! e ffPi = Vi to ensure that the energy density is finite. As 
a result, we obtain the following shifted BRST operator 

Qshifted = \[ d ° {cV)^P,Y4 • (4.7) 

which is the BRST operator for an infinite collection of independent massless point- 
particles as we expect in for tensionless strings [l^, [13], |14], [15], [16], [17[] . We must also 
mention that the th tensionless limit a' — > oo was also studied in very interesting 



paper [35] with the similar results. 



5. Conclusion and open questions 



As we have seen we can easily find solutions of the string field theory equation of 
motion that depends on one single parameter that can be interpreted as the string 
effective length scale. In our solution this length scale can vary continously from 
that corresponds to the zero slope limit in ordinary string theory to a' e fj = oo 
corresponding to the tensionless limit of the string theory. Generally, this effective 
string tension depends on the orientation of the solution, which is a similar effect to 
that for the effective tension in NCOS string as discussed in |TR [19], EH, El], 



24], EJ, EJ, |7|, ||, H, M- We h °P e that our result could be helphul for the study the 
relation between tensile and tensionless strings |L2], [13], [L4|, [L5|, [L7|]. It would be 
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very interesting to study the conformal field theory on the string world-sheet action 
with an-isotropic tension. We hope to return to this problem in future. 
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